We calculate the β-decay of tritium, i.e., of its 3 H nucleus (triton), at next-to-leading order in pionless effective field theory. At this order a low-energy parameter L1A enters the calculation that is also relevant for a high-accuracy prediction of the solar proton-proton fusion rate. We show proper renormalization of our perturbative calculation by an analysis of the residual cutoff dependence in observables. We find that next-to-leading order corrections contribute about 1% to the triton decay Gamow-Teller strength. We show that these conclusions are insensitive to different arrangements of the effective range expansion. We use these to fix L1A to high accuracy, and provide reliable theoretical and experimental uncertainty estimates.
I. INTRODUCTION
Electroweak observables of nuclei, such as transitions, magnetic moments and β-decay rates are used to probe unique properties of the nuclear force. In recent years, an effort has begun to calculate such observables using effective field theory (EFT) approaches. In EFT, the ratio of two separated scales is used as an expansion parameter in a systematic low-energy expansion in the calculation of observables. The low-energy scale is usually a small momentum scale Q while the second scale Λ cut is frequently related to the lightest exchange particle or lowest lying excitation not included in the theory. The EFT then has to preserve all symmetries of the fundamental theory and the resulting Lagrangian includes only the relevant degrees of freedom while heavier excitations are integrated out of the theory. Thus, one can obtain an expression of non-renormalizable interactions which can be organized as a power series in Q/Λ cut [1] [2] [3] [4] [5] .
Chiral effective field theory identifies the pion as a Goldstone boson of spontaneously broken chiral symmetry of QCD, stemming from the small masses of the up and down quarks. The finite mass of the pion originates from the explicit chiral symmetry breaking, i.e. the nonzero up and down quark masses. This framework has been used to construct a nuclear interaction that describes nuclear spectra and scattering observables to very high accuracy [6] . It has also been used to construct the nuclear electroweak current operator and for subsequent calculations [7, 8] . These calculations have highlighted the benefit of an approach in which current operators and the interaction between nucleons are treated consistently. The electroweak properties of the three-nucleon system are particularly important since these observables can be used to constrain parameters in the three-nucleon force of chiral effective theory.
The so-called pionless EFT (π /EFT ) is an alternative EFT approach to light nuclei that is particularly useful at the low energies that are of interest for astrophysical processes, i.e. Q ∼ 10 MeV m π =140 MeV. The interactions in π /EFT are constructed using only contact interactions, and the pion mass sets therefore the breakdown scale of this approach [9, 10] . Using this theory all particles but nucleons are "integrated out". In addition, the strong interaction characterizing QCD at low energies, leads to a scale separation between the scattering length a and the range of the interaction R. π /EFT exploits this ratio as an expansion parameter. Thus, π /EFT at leading order is a quantum field theoretical formulation of the zero-range limit, in which the range of an interaction is taken to zero. As a consequence, a three-body force is needed at leading order for the description of threenucleon systems within this framework, that is directly related to the well-known Efimov effect [11, 12] . Since the binding energies of nuclei with A ≤ 3 are small (i.e. E B < 10 MeV), those nuclei can indeed be described using π /EFT [12] .
The Coulomb interaction in light nuclei is an additional complication. The Coulomb interaction is nonperturbative at low momenta 10
MeV c , as can be seen in the strong renormalization of the proton-proton scattering length, but should be perturbative in nuclei where the typical momenta are much higher. 3 He is the lightest, and therefore simplest, nucleus to test the combination of π /EFT and Coulomb interaction [13] [14] [15] and many recent works have discussed this problem. In particular, it was shown that while at leading order (LO) 3 He is described correctly within π /EFT , at next-to-leading order (NLO) the results are not so clear, and some approaches have shows the need for additional, isospin dependent, threebody forces. Then additional three-nucleon observables are needed to obtain predictive power within π /EFT at NLO [16] [17] [18] .
One of the ways to additionally test the predictions of π /EFT for the structure of the three-nucleon system at NLO is through the aforementioned electroweak properties of light nuclear systems. This is the goal of this paper in which we aim at describing tritium β-decay. This ob-servable is particularly interesting since it is well-known experimentally, and can be used to determine the shortrange strength of the axial coupling to nuclei, required for a high-accuracy description of the astrophysically relevant proton-proton fusion rate [19] [20] [21] [22] . In the context of π /EFT , this coupling at NLO is represented by a lowenergy constant L 1A , whose exact value is a matter of discussion in the literature [23] [24] [25] [26] [27] [28] . The large uncertainty in the current determination of L 1A is the source of this discussion. It is thus called for to check the triton decay within π /EFT , as a method to fix this parameter [29] . Moreover, this provides additional EFT checks, which were not considered in the context of triton decay to date, such renormalization group invariance, convergence pattern of the EFT, and existence of terms with large fluctuations within the NLO contribution.
The paper is organized as follows. The general formalism of π /EFT is presented in Section 2. The equations giving the three-nucleon wave functions for ( 3 H and 3 He) and a diagrammatic representation of the three-nucleon wave function normalization coefficients are given in Section 3. The general form of a calculation of a matrix element between two A = 3 bound state amplitudes is shown in Section 4. The NLO corrections to the Faddeev equation are discussed in Section 5. These NLO solutions are used as platform to the calculation of weak matrix elements, as presented in Section 6. In Section 7, we use the experimental value of the triton β decay rate to fix L 1A at NLO. In Section 8, we discuss this approach of matching this counterterm in comparison to previous studies. We then summarize and provide an outlook in Section 9.
II. THE TWO-NUCLEON SYSTEM UP TO NEXT-TO-LEADING ORDER
In this section, we briefly summarize the theoretical formalism employed here to calculate the properties of the two-nucleon system in the spin-singlet and triplet channels. We use a formulation of π /EFT with dynamical dimer fields t and s. The fields t and s have the quantum numbers of two coupled nucleons in an S-wave spin triplet and singlet state, respectively. This formulation is just a Hubbard-Stratonovich transformation of the usual single nucleon theory but simplifies the calculation of three-body amplitudes. The Lagrangian that we use has the form [30] :
where A denotes the isospin triplet index, i the spin triplet index and N is the single nucleon field. The nucleon mass is denoted by M and the projection operators
project on the spin-triplet and spin-triplet channel, respectively.
We use a powercounting that is appropriate for systems with a scattering length a that is large compared to the range of the interaction R [31] . Thus, the fully dressed dimer propagator is a result of summing over all nucleonnucleon loops to all orders ( Fig. 1) and is given by
where a t,s denotes the spin triplet and singlet scattering length and ρ t,s is the effective range. Matching the propagator above to the two-nucleon scattering amplitude gives renormalization conditions for the LECs in Eq. (1):
where µ is a renormalization scale entering through the power divergence subtraction (PDS) scheme employed here in the two-body sector [3, 31] . The dimer propagator shown above has two poles. One corresponds to the physical bound state (virtual) pole that results from the large scattering length in the triplet (singlet) channel. The other pole is a spurious pole whose energy scale lies beyond the breakdown scale of the EFT. We expand the propagator in Eq. (1) in powers of the effective range since the spurious pole causes problems in calculations for few-body systems. Through this expansion we can also isolate the piece that is exactly linear in the effective range, and treat it as NLO. We obtain at first order in this expansion
The deuteron normalization is given by [30] :
We obtain for the fully dressed dimer propagator
This result for the perturbative expansion of the Zfactor is based on a matching of the parameters in the EFT to the effective range expansion (ERE). At NLO the parameters can also be chosen to fix the pole position and residue of the triplet two-body propagator to the deuteron values. This parameterization is known as the Z-parameterization and is advantageous because it reproduces the correct residue about the deuteron pole at NLO, instead of being approached perturbatively order by-order as in ERE parameterization [24, [32] [33] [34] [35] .
Using the Z-parameterization, instead of the convergence displayed in Eq. (8), leads to: [24, [32] [33] [34] [35] :
FIG. 1. The dressed dibaryon propagator. The bare dibaryon propagator is dressed by nucleon bubbles to all orders.
A. Proton-proton dibaryon and renormalization of the Coulomb effects
The derivation of the proton-proton (pp) dibaryon up to NLO is based on [24, 36, 37] .
At LO, the pp self-energy contains an infinite series of ladder diagrams of Coulomb photon exchanges. Due to the non-perturbative nature of the Coulomb interaction at low energies, those diagrams have to be resummed up to infinity.
The LO Coulomb propagator is given by:
where a p denotes the proton-proton scattering length in the modified effective range expansion (recall that Swave proton-proton scattering can only occur in the spinsinglet channel) and the function H is
The function ψ is the logarithmic derivative of the Γ-function. The NLO correction to the Coulomb propagator is given by the diagrams shown in Fig. 2 . By summing over all contributions, the NLO Coulomb propagator is given by
III. THE THREE-NUCLEON SYSTEM
In this section we describe the calculation of the bound state amplitudes that are required for the calculation of the weak matrix elements considered in this work.
A. The three-nucleon system at leading order Neutron-deuteron S-wave scattering can occur in two channels. Either the quartet channel, in which the spin of neutron and deuteron are coupled to S = 3/2, or the doublet channel, with total spin S = 1/2. AT LO The three-nucleon can be coupled only to the doublet channel, which includes two dimer channels: T -the spin triplet (deuteron) and S the spin singlet (np,nn,pp). Figure 3 shows a diagrammatic representation of the coupled-channel integral equation for the two scattering amplitudes T and S in the doublet channel. The Faddeev equation for 3 H can be written as [12, 16] :
Eqs. (13) and (14) can be written in matrix form:
where we combined the two channels into one column vector:
and have defined the operation:
The inhomogeneous part of the integral equation is given by:
The kernel is,
where
with
and
Here, E denotes the total energy of the three-body system. The term H(Λ)/Λ 2 denotes a three-body force that renders the three-body system cutoff independent and thereby renormalizable [11] .
B. Normalization of the three-nucleon amplitude
In this section, we discuss the calculation of the threenucleon bound state amplitude and that of its normalization. The calculation of the bound state normalization has a diagrammatic representation which is equivalent to the matrix element of the identity operator, i.e. summing over all the possible diagrams between two identical nuclear amplitudes. Such a diagrammatic representation will be used later in the calculation of the β-decay threenucleon matrix element.
1.
The Faddeev equation for the bound state
The above sections describe the Faddeev equation for the three-nucleon system at arbitrary energy. For negative energies, i.e when E < 0 the scattering amplitude has the form
when the energy is close to the energy of a bound state -E B . The amplitude t(k, q, E) has a residual which is regular close to the pole position and thus can be neglected for E → E B . By substituting Eq. (25) into (15), Eq. (15) becomes
i.e. the homogeneous integral equation that has the form of the non-relativistic Bethe-Salpeter equation.
2. The non-relativistic Bethe-Salpeter wave function in a diagrammatic form
The normalization condition is given by Eq. (A-131) in Appendix A (see also Ref. [38] ). In our notation, Eq. (A-131) takes the form:
We note that
This leads to the result that for both Eqs. (29) and (30) the energy derivative of bothÎ and K is equivalent to an insertion of an additional single nucleon propagator as shown in Fig. 4 (the closed form of the two bubbles represents the integral over q and q ). Fig. 4 is the diagrammatic representation of all the possible connections between two identical bound state amplitudes B, and therefore it is the diagrammatic form of the matrix element of the identity operator, which is just the normalization of bound state nuclear amplitude.
C. The
3 H bound state amplitude at LO
The three-body bound state amplitude is the solution of the homogeneous parts of Faddeev equation [39, 40] . Our calculations are carried out with the experimental data shown in Tab. I. In particular, we will be setting a nn = a np = a s and S np = S nn = S (where S is the singlet channel of the scattering amplitude).
For the case of 3 H bound state, we express the amplitude as
where Γ T , Γ S denote the two bound state amplitudes that either have an outgoing/incoming spin-triplet or spinsinglet dimer, respectively. For the triton, one needs to solve the integral equation:
In order to find the value of the three-body force counterterm H(Λ), we solve the homogeneous integral equation (i.e. Eq. (32)) numerically and use the known binding energy of the triton −E3 H = −8.48 MeV to remove the Λ dependence of −E3 H . D. Helium-3 bound state amplitude at LO
Adding a Coulomb interaction
Helium-3 is the isospin partner of tritium, containing one neutron and two protons.
The photon Lagrangian is given by [16] :
which only keeps contributions from Coulomb photons. These correspond to a static Coulomb potential between two charged particles. For convenience we introduce Feynman rules for a Coulomb photon propagator:
which we draw as a wavy line. λ is a small photon mass in order to regulate the singularity of the propagator at zero momentum transfer [16] .
Coulomb diagrams power counting
The Coulomb diagrams which contribute to p − d scattering are shown in Fig. 5 . Naïvely all the diagrams should contain an infinite sum of photons exchange. However, we identify the binding momentum Q as the typical momentum scale for 3 He
The Coulomb parameter η [36] : In the case that η(Q) 1 we can treat the Coulomb interaction as a perturbation and take into account only one photon exchange diagrams.
Specifically, the fine-structure constant α ∼ 1/137, will be used as an additional expansion parameter.
The power counting for the diagrams shown in Fig. 5 are [13, 41] :
The above discussion indicates that diagram (e) is of higher order than diagrams a-d, and would not be taken into account at NLO. Diagram (f) is the contribution from the non-perturbative proton-proton propagator which affects the 3 H-3 He binding energy difference, as discussed in detail in [18] , and will be shown later.
The doublet channel
Like 3 H, 3 He also has a doublet channel, which can be depicted as a proton and a deuteron whose spins are coupled to a total spin of 1/2. In the intermediate state, a spin-singlet dibaryon can appear, leading to two coupled amplitudes that differ in the type of the outgoing dibaryon, as shown in Fig. 6 . In contrast to 3 H two different projections for the singlet amplitude: np(S), pp(P ), due to the fact that the electromagnetic interaction does not couple to isospin eigenstates [16] . The Faddeev equation for 3 He, at LO, can be written as:
where the amplitude has three components in this case:
The α indicates that the 3 He nuclear amplitudes (T, S, P ) are calculated in the presence of a Coulomb interaction (of strength α).
For 3 He we find:
where the different contributions of the coulomb interaction are given by:
are the one photon exchange propagators in momentum space, where λ is a small photon mass, introduced to regulate the numerical problem, and extrapolated to zero a-posteriori. The fully dressed proton-proton propagator is given by [28, 36] :
where in LO Eq. (10):
where ψ denotes the logarithmic derivative of the Γ-function. The experimental data necessary for solving the Faddeev equations with Coulomb interactions are shown in Tab. I. E. Limit cycle and three nucleon force.
The above section provides all the necessary information to solve the Faddeev equations for the p−d scattering without cutoff dependence. The three-Body force H(Λ) has no isospin dependence, i.e. H(Λ)3 H = H(Λ)3 He . Using this fact, it is possible to calculate the binding energy of 3 He using the three-body force = H(Λ) obtained in the triton system. We solve the Faddeev equations for 3 He using the three-body force known from 3 H at LO with large range of binding energies. The numerical results are shown in Fig. 8 . From now on we will use the numerical binding energies E3 He (Λ) at LO as the binding energy of 3 He and not E3 He =7.72 MeV. Therefore, the calculation of the matrix element of the β decay will be performed with those energies, which can lead to some cutoff dependence. We have calculated the Helium-3 energy explicitly using our triton amplitudes and the techniques laid out in Ref. [46] . 
IV. A = 3 MATRIX ELEMENT IN π /EFT
In this section we present the general method of calculating an A = 3 matrix element in π /EFT . This method is used later for calculating the 3 He energy shift perturbatively, the NLO contribution for the trinuclei wave functions and tritium β-decay.
A. General A = 3 matrix element
The general expression for a reduced matrix element is given by:
Where:
• I is the total isospin = 1 2 for three-nucleons system. • I zi,j are the initial and final isospin projection, respectively. • S i,j are the initial and final spin projection, respectively.
• J is the operator total spin
The diagrammatic representation of the matrix between three nucleon field is given in Fig. 7 . For 3 H and 3 He in the doublet channel S i = S j = 1 2 , eq. (51) can be written as:
Where A, B are the different channels of the threenucleons homogeneous amplitudes: (T, S) for 3 H and (T, S, P ) for 3 He. Z 3,i and Z 3,i denote the three-nucleon fields normalizations and f (q, q ) is the interaction kernel (as discussed further below) of the weak operator in terms of momenta q, q .
Constructing the interaction kernel f (q, q )
We construct the interaction kernel f (q, q ) using the following Feynman rules:
1. For every single-nucleon line include a factor
.
For every spin-singlet dibaryon vertex-NN vertex insert a factor
−2iy s P s .
For every spin-triplet dibaryon vertex-NN vertex
where P t and P s are given in Eq. (2). 4. For every dibaryon propagator up to NLO include the corresponding propagator introduced in eqs. (6) and (12).
5. For every loop momentum insert the measure
perform the q 0 -integration using contour integration. The energy difference between 3 H and 3 He can be calculated perturbatively as matrix element of LO onephoton exchange diagrams (Fig. 5 a-d,f) , between two triton bubbles, by summing over all diagrams which contribute to the perturbative 3 H-3 He energy shift [18, 46] .
The Coulomb-induced energy shift is defined as:
In terms of eq. (52), ∆E has the form: 
C are the Coulomb corrections in momentum space (Fig. . 5) . The energy shift originates from the proton-proton propagator ( Fig. 5 (f) , see [46] for more details):
Where: Fig. 8 shows that summing over all the possible one photon exchange diagrams is consistent with the nonperturbative results calculated using the methods presented in Sec. III E. These results reproduce the calculations presented in Ref. [17] , a fact which serves as a validation of the numerical calculation presented here.
V. PERTURBATIVE CORRECTION TO THE NUCLEAR WAVE FUNCTIONS: π /EFT AT NEXT-TO-LEADING ORDER
The ingredients needed for a consistent calculation of triton β-decay up to NLO, are the current operator and the bound state amplitudes up to this order. In this section, we will discuss how we obtain the bound state amplitude at NLO. Specifically, we follow the NLO bound state calculation of Vanasse et al. [17, 35] .
In our notation, we distinguish between the NLO correction to the t-matrix t(k, p, E) and the NLO correction of the bound state scattering amplitude(B(k)) which is the homogeneous solution of the Faddeev equation.
A. The NLO correction to the t-matrix
The full t-matrix can be expanded order by order
Where t LO (k, p, E) is given in Eq. (15) . The NLO correction to t(k, p, E) contains the effective range correction and an NLO 3-body force H N LO (Λ). When the energy E is close to the three-nucleon bound state energy, the amplitude t LO (k, p, E) can be written as
In general t LO (k, p, E) contains additional regular terms which can be neglected due to the energy pole.
Therefore:
where M N LO (q, q ) are all the NLO corrections to the T-matrix (see Fig. 9 ). For simplicity, here we write the NLO correction for the case that the T-matrix contains only the triplet channel, i.e. t(k, p, E) = T (k, p, E), given by:
Where ρ t is the effective range and H N LO is the NLO correction to the three-body force, and K 1 is defined in eq. (20). 
B. Corrections to the pole position
We would like to use eq. (61) to predict the NLO correction to 3 H binding energy. Following Vanasse et al [17] , we extend the method used by Ji, Phillips and Platter [47] to include complications due to isospin. At the bound state, the scattering amplitude possesses a pole and can be written (without terms regular at P 0 = E = −E B ):
At LO the residue vector function about the pole Z 0 is defined as [47] :
and ∆E B is the NLO correction to the binding energy. Keeping ∆E B to first order in ERE (NLO), one finds that [48] :
eq. (64) seems to have dependence in the incoming and outgoing momenta (k, p). However, we expect that the NLO binding energy would depend only on cutoff Λ, similarly to LO (as shown in Fig. 8 ).
Using eq. (59), in bound state, eq. (61) has the form: (64) becomes:
and:
From eqs. (61), (63), (64) and (67) we get that:
(68) Where for 3 H, ∆E B is set to zero to fix the NLO 3 body force. In the case of 3 He we set ∆E B such:
For 3 He, the following consistency criterion is a-priori found:
We return to this in the next subsection.
C. Corrections to the wave function and normalization
The NLO wave function normalization coefficient is defined as (eq. (62)):
For 3 H, ∆E B = 0 in order to set the NLO three-body force (see [17] for more details). In that case:
i.e. there is a no change of the normalization. In the case of 3 He, the NLO binding energy is set to fit the experimental binding energy -∆E B = 0. Therefore Z N LO (k, p, E) = 0 and a NLO description of the scattering amplitude B is needed.
We note the NLO shift ∆E B in the binding energy shift is a result of a matrix element whose calculation requires integration over two LO scattering amplitudeseq. (66) (see Fig. 10 ). 
eq. (66) indicates that for ∆E
LO is orthogonal to B(q) LO , where B(q) LO is the homogeneous solution of:
In similar way one can define:
For ∆E B = 0:
which is the NLO correction to the scattering amplitude normalization. The full scattering equation for B(q) is given by:
which is no longer a Bethe-Salpeter equation and therefore the Bethe-Salpeter normalization condition is not valid.
The general form of a NLO matrix element is given by:
which is shown in Fig. 11 . The NLO corrections for triton are constructed from the effective range expansion and from an additional 3-body force. For the remainder of this section, we assume the energy to be close to the triton binding energy. The two components of the T-matrix are therefore given by
The NLO correction to T (k, p, E) (t-matrix) is given by:
with:
K 1 is defined in eq. (20), and Γ T and Γ S are LO homogeneous solution to the Faddeev equations (eq. (32)). Similarly for S(k, p):
The diagrams describing the NLO correction for homogeneous scattering amplitudes are shown in Fig. 12 . From  Fig. 12 and eqs. (81) and (84) it is clear that the NLO correction for the bound state has no dependence in k, p, therefore:
and 
dashed). The red bubble (T) represents the triplet channel T=0, S=1 (ΓT (k, E)ΓT (p, E)), the green bubble (S) represents the singlet channel T=1, S=0 ((ΓT )(k)ΓS(p)) while the cyan bubble represents (S') the singlet channel T=1, S=0 ((ΓS)(k)ΓS(p, E)). The black circle denotes the NLO correction to dibaryon propagator, while the blue square is the NLO correction to the three-body force (H N LO (Λ)).
where:
NLO binding energy and NLO 3-body force
As mentioned in V B, the NLO correction for the binding energy is given by:
Where for triton, a(Λ) is given in eq. (87).
By setting a(Λ)=0 we find for H N LO :
The numerical results for H N LO [Λ] are shown in Fig. 13 . In Fig. 13 , we show that we find good agreement with the analytical calculation done by Chen et al. [47] . The triton prediction of H N LO (Λ) enables us to calculate the NLO corrections to 3 He. Similarly to the LO calculation we are using the three-body force to determine the NLO correction to 3 He binding energy, by assuming that H N LO (Λ) depends on isospin [17] .
E. 3 He -The NLO correction homogeneous wave function
The equations for the NLO correction to 3 He wave functions in bound state are shown in Fig. 14 . These equations are similar to those giving the NLO corrections for 3 H. However, for 3 He there are additional contributions resulting from NLO Coulomb diagrams.
For
3 He we have: 
and (43), (44) and (45) .
The NLO corrections to 3 He amplitudes are given by:
NLO binding energy and NLO 3-body force
Similar to the triton, the correction to the binding energy of 3 He is a(Λ): In contrast to triton, here ∆E B is not zero, due to the fact that H N LO was determined by triton.
∆E B diverges with the cutoff Λ (see [17] ). To overcome this divergence we define an addition to the three-body force H α setting E
N LO
3 He = 7.72, ∆E B will have Λ dependence:
Analytical form of H α are given in [17, 47] .
VI. 3 H BETA DECAY:
In this section we outline the calculation of the matrix element of the weak reaction:
To do so, we make use of the LO and NLO bound state amplitudes for 3 H and 3 He, calculated in the previous sections. In addition to this, it is essential to define the weak interaction in the π /EFT .
A. Weak Interaction in π /EFT
The Lagrangian of the weak interaction is given by:
where l µ denotes the leptonic current and J µ the hadronic current.
The hadronic current contains two parts, with polarvector and axial-vector symmetries J µ = V µ − A µ . The part of the polar vector current relevant to β-decay of vanishing energy transfer is,
Here, we utilized the fact that the Conserved Vector Current (CVC) hypothesis is accurate at this order of EFT.
The axial-vector part is
where τ − is τ 1 −iτ 2 and g A and L 1A are LECs for weak interaction for one and two-body currents, respectively. In A = 2 calculations, the renormalization scale µ is taken arbitrarily, usually at m π . In the current case, a natural choice, which we take, is to set µ = λ. One expects that by taking λ → ∞ numerically, regularization effects from the treatment of the A = 3 system vanish. This entails an asymptotic behavior of L 1A which cancels the cutoff dependence in the last term, leaving it RG invariant. Testing this is part of the validation process of our numerical calculation. As a result:
A − (eq. (102)) is written up to NLO. To maintain consistency, the LO interaction is coupled to the NLO bound state amplitudes (Γs) and to the NLO propagators, while the NLO interactions are coupled to the LO bound state amplitude and to the LO propagators.
B.
3 H β-decay matrix elements
The half-life of 3 H β-decay can be expressed as [20]:
where (f T 1/2 ) t = 1129.6 ± 3 s [49] is the triton half-life, K = 2π 3 log 2/m 5 e (with m e denoting the electron mass), G V is the weak interaction vector coupling constant (such that K/G 2 V = 6146.66±0.6 [50] ), f V = 2.8355×10 −6 and f A = 2.8506 × 10 −6 are the Fermi functions calculated by Towner, as reported by Simpson in [51] . In addition,
denotes the Gamow-Teller transition, and
is the Fermi transition.
The general diagrammatic form of β-decay is shown in Fig. 7 . For the weak transitions the left hand side bubble of the diagram is 3 H (represented by Γ T,S (q, E3 H )), while the right hand side bubble is the 3 He (represented by Γ α T,S,P (q, E3 He )). The diagrammatic calculation of F and GT transitions is shown in Fig. 15 . The LO diagrams contain a one-body weak interaction. These diagrams contribute both to F and GT transition. The NLO diagrams contain the NLO corrections for the one-body diagrams, a two-body term originating in ERE, and a two-body weak interaction that is coupled to the unknown universal coupling constant L 1A . The two-body diagrams contribute only to GT transition.
C. Fermi operator
The Fermi transition is defined as:
where Z3 He and Z3 H are the normalization of the trinucleon homogeneous wave functions. A, B denote the different channels of the 3-nucleons homogeneous scattering amplitude; A = (T, S, P ), B = (T, S) and f (q, q ) is interaction in terms of momenta q, q . We assume momentum conservation for the case of weak transitions, therefore for the Fermi transition:
1. For every one body interaction insert a factor:
Where l 0 is |E3 H −E3 He |, the energy difference in the weak decay and the q 0 -integration is performed using contour integration. Using the above with the Feynman rules presented in section IV A 1 one finds:
1. For every one body weak interaction containing a bubble insert a factor :
For every weak interaction containing one nucleon exchange:
Notice that for l 0 = 0, those insertions are reduced to eqs. (29) and (30).
Fermi operator without Coulomb.
In the absence of Coulomb, 3 H is identical to 3 He and the Fermi transition is the triton wave function normalization and therefore:
The diagrammatic form of the Fermi using eqs. (29) FIG . and (30):
2. Fermi operator with α = 0
For the diagrams shown in Fig. 16 (a) :
For the diagrams sketched in Fig. 16 (b) :
Note, that if one sets α = 0, and l 0 = 0, Eqs. (109) and (110) are reduced to Eq. (108). Adding Coulomb effects gradually, one can keep α = 0, but add isospin breaking in the scattering lengths, i.e., set the physical values for the scattering lengths with a np = a pp . This calculation enables an isolation of the effect of different scattering lengths to the Fermi transition. To do so we have solved the Faddeev equations for 3 He without the one photon exchange (38) , with K C 0 = 0. The final step is to calculate the full NLO Fermi transition with α = 0, using all the diagrams in the left side of Fig. 15 .
We have used the experimental data shown in Tab. I as input in our numerical calculation.
The results are shown in Fig. 17 and in Tab. II. Our results compare well to the F standard nuclear physics approach (SNPA) calculation by Schiavilla et al. [20] . The SNPA involves nuclear wave functions derived from high-precision phenomenological nuclear potentials, and one-nucleon and two-nucleon electroweak currents. Clearly, F is not an observable and can vary between models.
D. Gamow-Teller operator:
GT calculation
In contrast to the Fermi transition, the Gamow-Teller transition involves also two-body operators at NLO.
We denote the various terms in the calculation of the Gamow-Teller transition matrix element with 
The diagrams involving this operator at LO are shown in upper left side of Fig. 15 . The Leading order 3 H and 3 He amplitudes are given by:
see Eqs. (26) and (31).
One-body operators at NLO
The matrix element GT N LO originates from the first term of Eq. (101):
where in this case either three-body amplitude or the two-body propagator are at NLO. The relevant diagrams are shown in the lower left side of Fig. 15 . For example the NLO vertex: [Γ T (q, E B ) · D t (E B , q)] for the triplet channel is given by both the NLO dibaryon propagator (eq. (6)) and the NLO wavefunction (eq. (77)):
4. Two-body operators at NLO
The two-body NLO contribution to the GT-transition matrix element originates from the effective range operator that is coupled to g A :
In addition there is a two-body NLO weak counterterm with a LEC -L 1A :
(121) The relevant diagrams are shown on the RHS of Fig. 15 .
As mentioned before, the matrix element of the Fermi transition at LO between 3 H and 3 H is 1 (i.e. α = 0). Similarly, we can calculate the matrix of the GamowTeller transition with α = 0. By definition:
The NLO contributions to GT comes from the onebody NLO matrix elements and from the two-body matrix elements. These matrix elements are negative and their summation results in GT N LO α=0 < √ 3. We have performed this calculation in two ways; one where α = 0 for both the scattering amplitude and the matrix element, and second where α = 0 for the matrix element, but for different scattering lengths, similar to the Fermi case.
VII. NUMERICAL RESULTS FOR GT STRENGTH OF TRITON DECAY
Our numerical results are shown Tab. III and in Fig.  18 . We have used the experimental input parameters shown in Tab. I. The full NLO result with L 1A = 0 includes both one-body and two-body term which contribute to GT , without the diagrams that are coupled to L 1A . 6. Empirical extraction of Gamow-teller strength and fixing L1A.
The GT matrix element can extracted using eq. (103). The axial coupling constant g A has been remeasured recently, giving results whose range is much bigger than the current recommendation. To be on the safe side, we take g A = 1.273 ± 0.003 ± 0.005 [52, 53] . The first uncertainty in g A arises from the the difference between the measurements of Refs. [52, 53] , and the second uncertainty is the statistical experimental uncertainty. In order to extract the Gamow-Teller strength, we use F is the Fermi transition taken from Fig. 17 . At infinity we find that the empirical GT strength is GT emp = √ 3
. The uncertainty here originates mainly from the uncertainty in the triton half-life.
The difference between the empirical GT strength and the numerical result for the GT-transition at NLO is used to fix L 1A for ERE or Z-parameterization. Importantly, we find numerically in both cases, that the following combinations are RG invariant, a fact that was predicted by theory [25] :
The first uncertainty comes from the aforementioned difference between recent experimental determinations of g A [52, 53] , and the second uncertainty comes from the rest of the experimental uncertainties, such as the statistical in the measured triton half-life.
Theoretical uncertainty in the decay calculation
The approach used here, like any other EFT, is useful for robust and reliable theoretical uncertainty estimates, due to neglected orders in the EFT expansion. Let us first note the following points:
Renormalization:-In chiral nuclear effective theory, cutoff variation is frequently used to obtain an uncertainty estimate for a calculation. A main advantage of our approach is that we achieved cutoff invariance through order-by-order renormalization. This cutoff independence persists at cutoffs much larger than the breakdown scale. This implies that our remaining uncertainties are free from regularization artifacts. We show that such regulator effects can be sizable up to cutoff larger than the naïve breakdown scale µ = m π . Note that RG invariance does not result in a reduction of the intrinsic error of the EFT. However, it provides also an additional test of our calculation. For example, we reproduce the theoretically predicted cutoff dependence of L 1A numerically.
Perturbation theory:-We use a consistent perturbative approach. This allows us to use the ratio of the nextto-leading contribution to the leading order result, as a measure of the uncertainty in our calculation. As an even more robust estimate, we study the contributions of the different NLO terms. From Tab. III, one observes that while the total NLO contribution is about 1% of the LO contribution, different terms in NLO can reach 3%. We conclude that higher orders have a minor, less than 1%, effect on the triton half-life calculation.
Different arrangements of the EFT expansion:-An additional way to estimate the size of higher order corrections is by the difference between the Z-parameterization and ERE, which are both reasonable arrangements of the EFT expansion. This difference amounts to about 1% (in the observable), supporting the uncertainty estimates from the perturbation theory analysis.
Effect of electromagnetism:-Our calculation shows that this effect amounts to only 3%, split between the effect on proton-proton scattering length, and the effect of the Coulomb repulsion. Thus, even the effect of electromagnetism, which we of course included in our calculation exactly, is a rather small perturbation.
Concluding, the theoretical uncertainties due to the fact that we truncate the expansion at NLO should be of the order of 1% in the half-life of the triton. For predictions, one can use the difference between the results using the different NLO arrangements, i.e., between ERE and Z-parameterization.
VIII. COMPARISON TO PREVIOUS EXTRACTIONS OF L1A
L 1A is the only counterterm that appears in the pionless description of axial-vector electroweak reactions in nuclear two-body systems, up to fifth order [26] . This counterterm limits therefore currently the accuracy of π /EFT calculations of the proton-proton weak fusion rate, which is the initial reaction in the pp-chain, i.e. the energy producing reaction network in stars similar to the Sun. As a result, its determination has attracted much attention in the literature.
Two main approaches were taken in previous studies to match L 1A . In the first, an experimental value of a two-body weak interaction process, usually at a cutoff of µ = m π was used for matching. Among these reactions are deuteron dissociation by anti-neutrinos from reactors [54] , and neutrino reactions with the deuteron, as measured in SNO [55] , both lead to similar RG invariant combinations of the two-body axial strength,M
In both cases, the large error bar originates from statistical errors in the experiments, due to the small cross section for neutrino-deuteron reactions. The authors of Ref. [27] proposed therefore a precision measurement of muon capture on the deuteron, with the aim of reducing the error bar by a factor of 3, reflecting an estimated 2-3% experimental uncertainty in the (then proposed) ongoing MuSun experiment [56] . It is important to note that the µ − d capture has a large energy transfer, possibly too large for an application of π /EFT , which will clearly impact the convergence pattern of any calculation. In all these, the uncertainties are mainly experimental, due to the uncertainty in the observable. A different approach was taken by Ando and collaborators in Ref. [28] . They used the hybrid calculation of the proton-proton fusion rate from Ref. [22] . As a constraint, they took from that calculation the ratio of the two-body strength over the one-body strength, and matched L 1A to reproduce this ratio in the π /EFT regime. Their result
small error bar here is due to the accurate triton half-life measurement that is used to fix undetermined counterterms in Ref. [22] . However, our work highlights a few criticisms of Ref. [28] . Firstly, a three-body constraint should be taken at a sufficiently large cutoff, to make sure no regularization effects affect the cutoff invariance. Secondly, they take a phenomenological approach which leads to contributions from higher orders to the NLO calculation, as they take the nonperturbative Z d at all orders. These two reasons entail that a robust theoretical uncertainty estimate is very hard within this approach, and indeed it is missing from the L 1A result in this case. Lastly, and most importantly, the constraint they take is not an observable, as one can use hermitian transformations to shift strengths from the two-body sector to the one-body, and vice versa.
IX. SUMMARY AND OUTLOOK
In this paper we have studied tritium β-decay in the framework of the pionless effective field theory up to next-to-leading order. This was done by establishing a perturbative and consistent framework to calculate tran-sitions between three-body bound states, up to NLO. Our method is based on a diagrammatic expansion of both the nuclear amplitudes (wave functions) and the matrix elements.
In our calculation we used that matrix elements can be calculated diagrammatically by summing all possible insertions of the transition operator between two nuclear amplitudes. At LO, we showed that this is consistent with the Bethe-Salpeter normalization condition, its diagrammatic representation is equivalent to summing of all possible insertions between to identical bubbles.
At NLO, we used that a consistent diagrammatic expansion is just the sum of all possible diagrams with a single NLO perturbation insertion. We obtained the NLO wave function normalization from the residue of the NLO scattering amplitude.
The LO and NLO three-nucleon ( 3 H and 3 He) amplitudes were calculated as solutions of the homogeneous Faddeev equations. At NLO, these solutions require a recalibration of the three-body force (H 1 (Λ), H α (Λ)) reproducing the results of Ref. [17, 47] Using a diagrammatic approach we calculated the β-decay of 3 H into 3 He at NLO. This reaction depends on two operators, the Fermi transition, which includes a onebody polar-vector part, and the Gamow-Teller transition, which includes one-and two-body axial-vector parts.
We have tested the correct renormalization of our perturbative calculation of the Fermi and Gamow-Teller transitions by an analysis of the residual cutoff dependence of the matrix elements, up to very large cutoffs, significantly larger than the breakdown scale of the EFT. The numerical results for the RG invariance reproduce theoretical predictions and serve therefore as an additional test of the calculation and our approach.
We used the NLO calculation to fix the unknown NLO LEC, L 1A . The counterterm L 1A is also relevant for a high-accuracy prediction of the solar proton-proton fusion rate [23, 24, 28] .
The NLO correction is about 1% for the triton decay Gamow-Teller strength. In addition we have shown that these conclusions are insensitive to different arrangements of the effective range expansion. The fact that our calculation is carried out within a consistent perturbative approach allows reliable uncertainty estimates. We find that the theoretical uncertainty on the 3 H decay rate is about 1%, entailing an uncertainty of about 0.5 on L 1A , which is of the order of the uncertainty in L 1A that originates from the experimental uncertainties in g A and the half-life measurement.
As mentioned, L 1A , takes part in low-energy weak processes such as pp-fusion [23, 24, 28, 57] and muon capture [27, [58] [59] [60] [61] . In the near future, we intend to examine our result for L 1A and its uncertainty by addressing these low-energy weak processes [62, 63] .
In addition, we plan to use the approach outlined here, to calculate perturbatively and consistently other bound state transitions, up to NLO in the pionless EFT, such as low-energy electromagnetic transitions, magnetic moments and radiative capture reactions. In order to normalize the three-body Bethe-Salpeter (BS) wave Function we are following Refs. [38, 64, 65] and extend the derivation for the a three-body wave function.
In general the non-relativistic Bethe-Salpeter wave Function is defined [40, 64, 65] :
where V is the two-body interaction kernel and G BS is the free two-body propagator. From eq. (A-125) we find: If M has a bound state: Γ| G BS (1 + V G BS ) |Γ = 0 After some algebra (see [38] for more details) eq. (A-130) becomes:
In our notation:
